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In any triangle 4BC, prove that
(sm%+s1n—+s1n—>(c0t—+cotB +c0tC> f
Solution by Arkady Alt, San Jose, California, USA.

Let rand s be, respectively, inradius and semiperimeter of AABC.

4R cos 4 cos B coS Q

SlnceZcotA -4 - 5 = 124 2 C HcotA
4R sin 4- 2 sin 2 5 sin = 5
then Zsin%-Zcot% > 9‘5 @Zsinj-ncot% > 9? =
1) Ysind > 2 J_ []tan 4
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Leta := ”EA,[} = EB,}/IZ ”EC. Then a,B,y > 0,a+ f+y = m and

inequality (1) becomes

(2) D cosa > 9? [T cota.

Let a,b,c be sidelengths of some triangle T with correspondent angles a, 3,y
and let R, r,s be, respectively, circumradius, inradius and semiperimeter of
this triangle (R, r,s are local notations here for new triangle 7).
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Since D _cosa = 1 + 2 L, []cota = % then (2)=

r 9J§<s —(2R+r)> o Rir o 9J§<sz—(2R+r)2>
R ~ 4sr R - 4sr ’
s2—QR+r)* (2R +r)?
- s ST/

(3) 1+

Noting that increase by s and

s? < 4R? + 4Rr + 3r* (Gerretsen’s Inequality) we obtain that
s2— QR +r)? - AR% + 4Rr +3r2 — 2R +r)?

ad - 4ry4R? + 4Ry + 312
2r? _ -
4ryJ4R> +4Rr +3r>  2J4R* + 4Rr + 372
Thus, remains to prove inequality £+ > 93 -7 -

R 7 2 JaR? ¥ 4Rr + 377

2(R+7) AR +4Rr+3r2 > 93 - Rr.

Since R > 2r (Euler’s Inequality) we have

4R+ r)* (4R + 4Rr + 3r%) — 243R%r2 = (R - 2r)(16R3 + 80R%r — 23Rr2 — 63) > 0
(16R3 + 80R?*r — 23Rr? — 61> > 14R*r — 24Rr?> — 81 = 2r(R — 2r)(7R + 2r)).




